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ABSTRACT 
 
 Dolomitic limestone test samples with increasing levels of damage were obtained by 
exposing limestone samples to temperature levels of 100 oC, 200 oC, 300 oC, 500 oC, 600 oC, and 
700 oC for a period of 90 minutes.  The samples were then nondestructively tested using nonlinear 
ultrasonics in the form of a non-collinear ultrasonic wave mixing approach.  In addition, the test 
samples’ degradation of flexure strength due to damage accumulation caused by the exposure to 
increasing levels of temperature was also obtained using four-point bending tests. Results using 
the currently used non-collinear ultrasonic wave mixing approach correlate well (R2 = 92%) with 
the corresponding obtained reduction in strength, and with results obtained using different 
transducer arrangements. The approach has potential applications including quantitative 
evaluation of damage in stone artifacts and well as to evaluate fire-induced damage in stone 
infrastructure. 
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CHAPTER 1: INTRODUCTION 
 
1.1  Problem Statement 
Limestone is frequently used as a building material due to its wide availability, comprising 
approximately 10% of all sedimentary rock in the world [1, 2]. Typically, limestone is formed 
from the skeletal remains of marine organisms, such as corals, algae, and mollusks. Dolomite 
[CaMg(CO3)2] forms as a result of the exposure of calcium carbonate to magnesium ions. 
Dolomitic limestone is composed of 50-90% calcite and 10-50% dolomite [1, 2]. 
 
Historically, stone has been used as structural components in buildings such as the pyramids in 
Giza [3]. Since the 1800s, usage of stone as load-bearing structural component has largely stopped 
in favor of using steel frames [3-5].  Instead, stone is often used as non-load bearing, decorative 
cladding. Since the 1960s, 1-1/4 inch (30 mm) thick panels anchored to masonry, concrete, or steel 
have been used as in façades for architectural applications.  Since the late 1980s, stone-faced 
composite panels have also been used as decorative exteriors for buildings [6].  These panels 
typically consisted of a 3/8 in (10 mm) aluminum honeycomb core, sided by a 1/16 inch (1.5 mm) 
layer of stone  (facing the outside) and by a thin light-weight reinforced polymeric composite layer 
such as a reinforced glass fiber composite panel.  
 
A study conducted by Chin [6] on the most common causes of failure of stone claddings 
determined that 40% of failures were due to a reduction in the strength of the stone cladding due 
their exposure to weather, e.g., temperature variations. Additionally, 45% of failures were due to 
failure of the connection between the cladding and the building and 15% of failures were due to 
water leakage. Both connection failures [7-9] and water leakage [10] can be addressed with 
building regulations and codes—many of which are already in place, such as the ones supported 
by American Society for Testing and Materials (ASTM) standards.  
 
However, existing regulations and codes do not address the reduction in strength due to weathering 
[11-14]. Furthermore, some of the connection failures can also be attributed to loss of strength in 
the stone cladding surrounding the connection points [7-9, 15]. In addition, variability also exists 
in the quality of virgin quarried stone, differing from quarry to quarry and even between different 
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locations in the same quarry. Unsurprisingly, when lower quality freshly quarried stone is used as 
cladding for buildings, it performs poorly. As an example of this is the Amoco Building in 
Chicago. The building was clad with 44,000 1-1/4 inch (30 mm) thick Italian Carrera marble 
panels, which deteriorated quickly and were replaced for safety reasons with white Mt. Airy granite 
[16, 17]. Laboratory testing determined that the marble cladding had experienced a 40% reduction 
in strength and an additional 30% reduction in strength was estimated over the next 10 years. 
 
In a recent study on cladding panels, Schoeuenberg [18] provides a review of 100 years’ worth of 
research into stone, with a particular focus on identifying the causes of deterioration in stone 
paneling. Namely, panels can warp, dish, or bow, reducing the aesthetic appeal of a building and, 
in extreme cases, presenting a danger of falling stone. For example, marble deterioration may be 
caused by a variety of mechanisms. Chemical and biological attack on old buildings and 
monuments have been examined by several authors [19-21], and bowing has been studied for 
approximately 100 years [22, 23]. While most bowing studies have focused on marble, examples 
of bowing in limestone and in granite have also been observed [24-26]. It seems that the largest 
factor regarding bowing in stone is thermal hysteresis in combination with moisture, due to the 
thermal anisotropy of calcite crystals within the stone [27]. 
 
 
1.2  Research Objectives 
In two previous studies [28, 29], a receiving dilatational transducer was incidentally mounted on 
the test specimen surface to detect the generated shear horizontal nonlinear wave. The longitudinal 
transducer was able to detect the resultant nonlinear wave because the shear wave traveled through 
a highly heterogeneous media, i.e., mesoscopic media, resulting in a significant level of mode 
conversion and scattering.  The scattering and mode conversion lead to a random spatially-
incoherent normal displacement at the surface, which when averaged over the large aperture of the 
receiving longitudinal transducer (Panametrics V1011, center frequency of 100 kHz) lead to a 
temporally-coherently but spatially incoherent output signal.  In one of these studies [28] the two 
primary longitudinal waves were two critically refracted longitudinal waves using dilatational 
transducers mounted on shear wedges. In second study [29], the two primary longitudinal waves 
were sent by two incidentally mounted dilatational transducers. 
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This study seeks to address whether the type of receiving transducer (shear instead of dilatational) 
and its placement to detect the resultant nonlinear shear wave has an impact on the observed 
results. In this study, the two dilatational waves are generated by two incidentally mounted 
dilatational transducers, and the receiving transducer is a shear transducer also incidentally 
mounted to the test sample. However, because the dilatational and shear velocities and 
corresponding attenuations depend upon the thermal damage of the specimens (see Figures 4.1 
and 5.1), and because the overall dimension of the specimens are different from each other, the 
resulting shear wave meets the receiving shear transducer at a different location for each specimen, 
see Table 5.1.  Please note that the overall dimension of the specimens is irrelevant provided that 
the relative position of the sending and receiving transducers is such that the two intercepting 
longitudinal waves generate the resultant shear wave, which must be captured by the receiving 
shear transducer.  
 
 
1.3  Paper Overview 
Chapter 2 provides a literature review of topics relevant to this study. A brief history of the usage 
of limestone as a building material is presented, an examination of weathering of stone, causes of 
failures of stone claddings, calcination of limestone, usage of ultrasonics for nondestructive 
evaluation, and finally an examination of existing research regarding evaluation of damage in 
limestone. 
 
Chapter 3 provides an explanation of the nonlinear ultrasonic technique utilized for this study. 
 
Chapter 4 describes how the limestone specimens were prepared. 
 
Chapter 5 describes the experimental setup and the data collection and analysis process. 
 
Chapter 6 presents the results of the experiment including, but not limited to, the observed 
relationship between the measured nonlinear wave generation parameter and the strength of the 
specimens. This chapter also compares the results of this experiment with a previous study 
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conducted by McGovern and Reis 2017 [29] to determine whether the location and type of 
receiving transducer impacts the observed relationship between the nonlinear wave generation 
parameter and the strength of the specimens. 
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CHAPTER 2: LITERATURE REVIEW 
 
2.1  Limestone and Other Stone as a Building Material 
Limestone is a commonly used building material largely due to its wide availability and appealing 
appearance, comprising approximately 10% of all sedimentary rock in the world [1, 2]. 
Throughout history, limestone has been used as a structural and decorative component in 
construction projects. When constructed, the pyramids of in Giza were clad in limestone, giving 
them a striking white appearance against the desert sands. However, in the millennia since their 
construction, the decorative limestone has been removed [3]. 
 
 
Figure 2.1: Artist’s rendition of Great Pyramid with limestone cladding [30].  
 
In more recent history, limestone has been used on the exterior of the Palace of Westminster in 
London [31] and as the primary building material for the Palace of St. Michael and St. George in 
Corfu, Greece [32]. Additionally, many limestone buildings are currently used in the United States, 
such as the Ohio Statehouse [33]. 
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Figure 2.2: Palace of Westminster (left) [34], Palace of St. Michael and St. George (center) [35], Ohio Statehouse 
(right) [36]. 
 
Since the 1800s, usage of stone as a load-bearing structural component has largely stopped in favor 
of using steel frames [3-5].  Instead, stone is often used as non-load bearing decorative cladding. 
Since the 1960s, 1-1/4 inch (30 mm) thick panels anchored to masonry, concrete, or steel have 
been used as in façades for architectural applications.  Since the late 1980s, stone-faced composite 
panels have also been used as decorative exteriors for buildings [6].  These panels typically 
consisted of a 3/8 in (10 mm) aluminum honeycomb core, sided by a 1/16 inch (1.5 mm) layer of 
stone  (facing the outside) and by a thin light-weight reinforced polymeric composite layer such 
as a reinforced glass fiber composite panel. 
 
In addition to structural and architectural applications, limestone is used as an aggregate for cement 
concrete and asphalt concrete [37, 38]. Apart from limestone, many other varieties of stone see 
usage in architectural, structural, and infrastructure engineering applications. Some commonly 
used varieties of stone include marble, granite, and quartzite. Like limestone, these materials see 
usage for decorative applications; quartzite and granite also see structural and infrastructure usage. 
Although this study was conducted on limestone, this study could be repeated on any of these types 
of stone. It is expected that the results of such a study would exhibit similar results to this one, 
though specific values will likely vary. 
 
 
2.2  Weathering of Stone Cladding 
One of the most common uses for stone in architectural applications is as stone cladding. Today’s 
stone cladding is typically panels with a 3/8 in (10 mm) aluminum honeycomb core, sided by a 
1/16 inch (1.5 mm) layer of stone  (facing the outside) and by a thin light-weight reinforced 
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polymeric composite layer such as a reinforced glass fiber composite panel [6]. Although these 
panels are designed to be used as a façade and are not intended to bear load, these panels still 
endure loads due to their own weight. Additionally, these panels are exposed to weather variation, 
as they are typically used as the exterior of a building. Weathering of these panels can cause the 
panels to warp, dish, or bow, reducing the aesthetic appeal of a building and, in extreme cases, 
presenting a danger of falling stone. 
 
No single mechanism of weathering has been identified as the cause of the deformation of stone 
paneling. Rather, weathering of stone is generally believed to occur due to a variety of 
mechanisms. Acid dissolution, frost action, salt crystallization, and anisotropic thermal expansion 
have all been identified as mechanisms that can damage stone and induce deformation  [27, 39-
47]. Anisotropic thermal expansion is of particular note to this study, as this is the mechanism 
utilized in this study to induce controlled damage (see chapter 4) [27, 40, 48]. These anisotropic 
deformations induce stresses which cause the formation of microcracks along the grain boundaries, 
creating diffuse damage within the material. Further, if water is present within pores of the 
material, heating of the stone can induce further damage due to the pressure exerted on the walls 
of the pore. Theoretically, any of the aforementioned weathering mechanisms could be used to 
prepare samples with controlled levels of damage, but the damaged samples may be damaged in a 
way not conducive to this study, as the samples may have uneven outer surfaces or intensive 
cracking which would make nondestructive evaluation difficult [45-47, 49-52]. 
 
Notably, microcracks are not easily detectable by traditional linear ultrasonic techniques, yet 
thermally induced microcracks have been shown to decrease flexural strength of limestone 
specimens in excess of 70% [28]. See section 2.5 for more detail. 
 
 
2.3  Failure of Stone Cladding 
A study conducted by Chin [6] on the most common causes of failure of stone claddings 
determined that 40% of failures were due to a reduction in the strength of the stone cladding due 
their exposure to weather, e.g., temperature variations. Additionally, 45% of failures were due to 
failure of the connection between the cladding and the building and 15% of failures were due to 
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water leakage. Both connection failures [7-9] and water leakage [10] can be addressed with 
building regulations and codes—many of which are already in place, such as the ones supported 
by American Society for Testing and Materials (ASTM) standards.  
 
However, existing regulations and codes do not address the reduction in strength due to weathering 
[11-14]. Furthermore, some of the connection failures can also be attributed to loss of strength in 
the stone cladding surrounding the connection points [7-9, 15]. In addition, variability also exists 
in the quality of virgin quarried stone, differing from quarry to quarry and even between different 
locations in the same quarry. Unsurprisingly, when lower quality freshly quarried stone is used as 
cladding for buildings, it performs poorly. As an example of this is the Amoco Building in 
Chicago. The building was clad with 44,000 1-1/4 inch (30 mm) thick Italian Carrera marble 
panels, which deteriorated quickly and were replaced for safety reasons with white Mt. Airy granite 
[16,17]. Laboratory testing determined that the marble cladding had experienced a 40% reduction 
in strength and an additional 30% reduction in strength was estimated over the next 10 years. 
 
In a recent study on cladding panels, Schoeuenberg [18] provides a review of 100 years’ worth of 
research into stone, with a particular focus on identifying the causes of deterioration in stone 
paneling. Namely, panels can warp, dish, or bow, reducing the aesthetic appeal of a building and, 
in extreme cases, presenting a danger of falling stone. For example, marble deterioration may be 
caused by a variety of mechanisms. Chemical and biological attack on old buildings and 
monuments have been examined by several authors [19-21], and bowing has been studied for 
approximately 100 years [22, 23]. While most bowing studies have focused on marble, examples 
of bowing in limestone and in granite have also been observed [24-26]. It seems that the largest 
factor regarding bowing in stone is thermal hysteresis in combination with moisture, due to the 
thermal anisotropy of calcite crystals within the stone [27]. 
 
 
2.4  Calcination of Limestone 
At high temperatures, dolomitic limestone, as used in this study, will undergo a chemical reaction 
referred to as “calcination of limestone.” This is a thermal decomposition reaction where the 
limestone decomposes in two discrete stages. 
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CaCO3 ∙ MgCO3 + Heat(1)  ↔ CaCO3 ∙ MgO + CO2 ↑           (1) 
CaCO3 ∙ MgO + Heat(1+2) ↔ CaO ∙ MgO + CO2 ↑         (2) 
Alternatively, this reaction can occur in one stage. 
CaCO3 ∙ MgCO3 + Heat(1+2) ↔ CaO ∙ MgO + 2CO2 ↑          (3) 
Whether the calcination occurs as a two stage reaction or in one stage is dependent upon the variety 
of limestone [53]. Calcination initiates at a temperature varying from 510°C to 750°C [53, 54]. 
The exact initiation temperature of calcination is determined by the crystal structure and the form 
of the stone [53]. Notably, calcination fundamentally changes the stone, causing significant 
changes to the material’s properties. 
 
Calcination is of particular note for this study, as some of the specimens were prepared at 
temperatures within the 510°C to 750°C range. Details about the preparation of the samples are 
provided in Chapter 4. By preparing samples within this range, it is possible to observe the effect 
calcination has on the results of this study. 
 
Dolomitic limestone utilized in ordinary engineering practices is unlikely to reach temperatures 
high enough to induce calcination. In the event of a fire, however, temperatures may be high 
enough to induce calcination. It is reasonable to expect that nondestructive evaluation techniques 
may be employed following a fire to determine if the stone used in a building is safe. In chapter 7, 
this report addresses how the results of this study should be applied to inspection following a fire. 
 
 
2.5  Usage of Ultrasonics for Nondestructive Evaluation 
Acoustic techniques for structural health monitoring have traditionally utilized principles that are 
valid in the linear elastic domain. Namely, when a wave propagates in a linear elastic medium it 
will maintain the same frequency in the presence of flaws, regardless of whether or not the 
amplitude and/or phase may change in the presence of flaws. Additionally, the principle of 
superposition holds, where the resultant wave field associated with the two intersecting waves is 
the sum of the two wave fields associated with the two intersecting waves. On the other hand, if a 
wave propagates in a nonlinear elastic medium, the frequency will not be maintained, e.g., 
harmonic generation [55-58].  Furthermore, the principle of superposition does not hold due true 
10 
 
when the propagating medium is nonlinear, mainly because of the presence of higher order terms 
in the equations of motion [59, 60]. As a result, in a nonlinear elastic medium, the intersection of 
two waves may result in the generation of a third wave that may have different polarization, 
different frequency, and may propagate in different direction.  For a resultant nonlinear scattered 
wave to be generated the resonance and polarization conditions need to be satisfied. [59-70]. 
 
Linear ultrasonic interrogation techniques are commonly used to identify the presence of cracks 
within a material, such as in the case of pipe inspection [71]. However, linear ultrasonic 
interrogation techniques are not able to reliably detect flaws which are smaller than the wavelength 
of the interrogating wave. Thus, microflaws are overlooked by traditional linear ultrasonic 
techniques. To detect these flaws, nonlinear ultrasonic techniques are used, which take advantage 
of higher order terms in the acoustic wave equation to observe phenomena dependent upon these 
higher order terms, such as non-collinear wave mixing. 
 
Past experiments have observed nonlinear elastic behavior when using non-collinear wave mixing, 
utilizing a variety of input frequencies [63-69. 72, 73]. Non-collinear wave mixing has been 
utilized successfully to determine the higher-order elastic constants in materials [65] and to detect 
degradation such as plastic deformation and fatigue damage accumulation in metals [70], as well 
as to evaluate aging in polymers [66]. Johnson et al. [64] observed nonlinearly generated waves in 
crystalline rock and developed criteria to verify that the observed nonlinear wave was caused by 
the aforementioned interaction of the two primary waves within the material and not by possible 
instrumentation nonlinearities. 
 
 
2.6  Existing Research on the Evaluation of Damage in Dimension Limestone 
Limestone has a brick and mortar type microstructure and thus exhibits nonlinear mesoscopic 
elastic behavior [74, 75]. In such materials, the bricks (i.e., grains, crystals, impurities) interface 
with each other across an elastic system, which behaves as the mortar. In limestone, the mortar is 
a system of asperities that holds the bricks together at the grain/crystal boundaries.  Because the 
majority of deformation occurs within the mortar, this system of asperities is the source of most 
inherent nonlinear response in limestone. Additionally, limestone may be subject to various 
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sources of damage, such as freeze-thaw cycles, acid dissolution, frost action, and salt 
crystallization, which cause distributed microflaw populations [39]. These microflaw populations 
make the material more susceptible to crack propagation as the microflaws coalesce. Thus, the 
ultimate strength of the material is limited by the presence of these microflaw populations, which 
act as nuclei when the material fractures. The presence of these microflaw populations causes 
nonlinear distortion in propagating mechanical waves. Limestone has already been shown to 
exhibit nonlinear behavior [63, 64, 76]. In this study, test specimens with artificially induced 
weathering damage and different levels of damage is investigated using a non-collinear wave 
mixing approach by using two incidentally mounted dilatational transducers as sending 
transducers, and using an incidentally mounted shear transducer as the receiving transducer. 
 
McGovern and Reis have published numerous papers exploring the evaluation of damage in 
dimension limestone [28, 29, 77]. Various experimental setups were used in their studies. 
 
The McGovern and Reis 2014 study explored two experimental setups [77]. The first used a 
specimen cut such that two incidentally mounted dilatational transducers transmitted waves at the 
proper angle to generate a shear wave perpendicular to the cut surface upon which a shear 
transducer was mounted. The second used two incidentally mounted dilatational transducers to 
transmit dilatational from the sides of a rectangular specimen and an incidentally mounted 
dilatational transducer on the top surface of the specimen to receive the generated third wave. The 
two dilatational transducers were oriented perpendicular to one another and relied upon the spread 
of the beam to attain the angle required for the nonlinear interaction. Notably, the generated wave 
in this case is still a shear wave, but in this experiment the two transmitting transducers are 
mounted very close to the top surface of the specimen. Shear waves cannot propagate on the 
surface of a material, else they would violate the boundary conditions of a body with no applied 
stress. However, some of the energy in the generated shear wave mode converts to a longitudinal 
wave, due to the dispersive nature of the material. A longitudinal transducer is mounted on the top 
surface of the specimen to measure the magnitude of this longitudinal wave. In order to implement 
the first experimental setup in a real-world situation, the specimen would have to be cut. To 
implement the second experimental setup, access to an exposed corner and the surface of the 
specimen would be required. 
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The McGovern and Reis 2015 study utilized critically refracted longitudinal subsurface waves 
generated by using two shear wedges typically used for angle beam inspection [28]. The generated 
wave was received using a dilatational transducer. The all three transducers were mounted on the 
same surface. Thus, this experimental setup only requires access to one surface. This setup was 
used to measure the normalized nonlinear wave generation parameter of specimens with varying 
levels of thermally induced damage, which was then correlated with the strength of the specimen.  
 
The McGovern and Reis 2017 study [29] revisited the second experimental setup used in the 
McGovern and Reis 2014 study [77], this time measuring the normalized nonlinear wave 
generation parameter of the same specimens as in the McGovern and Reis 2015 study [28]. The 
measured normalized nonlinear wave generation parameters were again correlated with the 
strength of the specimens and compared with the results from the McGovern and Reis 2015 study 
[28]. 
 
These studies provide a compelling case for the usefulness of non-collinear wave mixing as a 
technique for the evaluation of damage in dimension limestone and, along with many other studies 
into different materials, position non-collinear wave mixing as a promising technique for 
evaluation of damage in the form of diffuse microflaws. 
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CHAPTER 3: NON-COLLINEAR WAVE MIXING 
 
3.1 Theory Behind Non-Collinear Wave Mixing 
In the linear theory of elasticity, two acoustic waves that come into contact with one another do 
not interact. The principle of linear superposition holds and the amplitude of pressure at a point is 
the sum of the pressure at that point from one wave and the pressure at that point from the other 
wave. This is based upon the assumption that elastic energy is quadratic in the particle 
displacements. If cubic terms are included in the expression for elastic energy, the equations of 
motion are nonlinear, and the principle of linear superposition does not hold [59-62]. When the 
nonlinear equations of motion are considered, various nonlinear acoustic phenomena can be 
explained, such as sonic booms. In this study, the phenomena known as non-collinear wave mixing 
is utilized. 
 
To assess damage using non-collinear wave mixing, two monochromatic waves, k1 and k2, with 
frequencies f1 and f2, respectively intersect at an angle, φ, to form a third, scattered wave, k3, that 
propagates at an angle, γ, with respect to k1 and with frequency f3 =  f1 ± f2, where f1 > f2 [28, 61]. 
The polarization of the scattered wave (shear or longitudinal) and the frequency of the scattered 
wave is dependent upon the polarization of the intersecting waves. In all possible interaction cases, 
the frequency of the scattered wave is either the sum or difference of the frequencies of the two 
intersecting waves. However, a scattered wave is only produced if the polarization and resonance 
conditions are met [61].  
 
In this study, two monochromatic dilatational waves intersect to form a third, scattered shear wave 
with frequency f3 =  f1 - f2. In order for this interaction to occur, the polarization and resonance 
conditions that must be satisfies are as follows [28]: 
 cos(𝜑𝜑) = �𝑐𝑐𝐿𝐿
𝑐𝑐𝑡𝑡
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2 + 1��      (4) tan(𝛾𝛾) = −𝑓𝑓2sin (𝜑𝜑)
𝑓𝑓1−𝑓𝑓2cos (𝜑𝜑)            (5) 
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The shear wave generated by this interaction has amplitude as follows: 
 
𝐴𝐴 =  − 𝐴𝐴(𝑘𝑘1)𝐴𝐴(𝑘𝑘2)
8𝜋𝜋𝜌𝜌0|𝒓𝒓| �𝜔𝜔13𝑐𝑐𝑆𝑆5 � �𝜔𝜔2𝜔𝜔1� �𝑐𝑐𝑆𝑆𝑐𝑐𝐿𝐿�4 �1 + 𝜔𝜔2𝜔𝜔1� cos 𝜑𝜑 sin 𝜑𝜑 (2𝐶𝐶1 + 𝐶𝐶2 + 𝐶𝐶3)  (6) 
 
Where 𝐴𝐴(𝑘𝑘1) and 𝐴𝐴(𝑘𝑘2) are the amplitudes of the interacting longitudinal waves, 𝜌𝜌0 is the density 
of the material, 𝒓𝒓 is the vector from the point of interaction to the point of observation and its 
magnitude is the distance from the point of interaction to the point of observation, 𝜔𝜔1 and 𝜔𝜔2 are 
the angular frequencies of the monochromatic dilatational waves k1 and k2 respectively, 𝑐𝑐𝑆𝑆 and 𝑐𝑐𝐿𝐿 
are the shear and longitudinal wave velocities, respectively, in the medium, 𝜑𝜑 is the angle of 
interaction as determined by (4) and 𝐶𝐶1,  𝐶𝐶2, and 𝐶𝐶3 are constants. Notably, all of these terms in 
this expression are constants for a chosen pair of frequencies of the dilatational waves. Thus, this 
expression can be represented as a single constant, β, which is referred to as the nonlinear wave 
generation parameter. Additionally, this expression does not account for the attenuation of the 
waves inside the material. Thus, the amplitude of the scattered wave, k3, can be described by the 
following expression (assuming perfect coupling conditions): 
 
𝐴𝐴(𝑘𝑘3) = 𝛽𝛽𝐴𝐴(𝑘𝑘1)𝐴𝐴(𝑘𝑘2) exp�−𝛼𝛼(𝑘𝑘1)𝐷𝐷𝑘𝑘1 − 𝛼𝛼(𝑘𝑘2)𝐷𝐷𝑘𝑘2 − 𝛼𝛼(𝑘𝑘3)𝐷𝐷𝑘𝑘3�                       (7) 
 
Where 𝐴𝐴(𝑘𝑘1) and 𝐴𝐴(𝑘𝑘2) are the amplitudes of the dilatational waves at the sending transducer, 𝛼𝛼(𝑘𝑘1), 
𝛼𝛼(𝑘𝑘2), and 𝛼𝛼(𝑘𝑘3) are the attenuation coefficients of the longitudinal waves k1 and k2 and of the 
scattered shear wave k3, 𝐷𝐷𝑘𝑘1 and 𝐷𝐷𝑘𝑘2are the distances the longitudinal waves travel from their 
source to the point of interaction, and 𝐷𝐷𝑘𝑘3 is the distance the scattered shear wave travels from the 
point of interaction to the point of observation. From this expression 𝐴𝐴∗(𝑘𝑘3) is defined: 
 
𝐴𝐴∗(𝑘𝑘3) = 𝐴𝐴(𝑘𝑘3)
exp�−𝛼𝛼(𝑘𝑘1)𝐷𝐷𝑘𝑘1−𝛼𝛼(𝑘𝑘2)𝐷𝐷𝑘𝑘2−𝛼𝛼(𝑘𝑘3)𝐷𝐷𝑘𝑘3� = 𝛽𝛽𝐴𝐴(𝑘𝑘1)𝐴𝐴(𝑘𝑘2)                          (8) 
 
Thus, 𝐴𝐴∗(𝑘𝑘3) can be determined by simply measuring the amplitude of the generated shear wave, 
the longitudinal and shear attenuation coefficients of the material at the frequencies used in the 
test, and the distances the waves travel. Further, if identical coupling conditions and transducer 
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settings are used to conduct the test on two different samples, the normalized nonlinear wave 
generation parameter, 𝛽𝛽/𝛽𝛽0, can be determined. 
𝛽𝛽
𝛽𝛽0
= 𝐴𝐴∗(𝑘𝑘3)
𝐴𝐴0
∗(𝑘𝑘3)                                                                 (9) 
 
 
3.2 Normalized Nonlinear Wave Generation Parameter 
The nonlinear wave generation parameter, 𝛽𝛽, is a measure of the efficiency of the interaction, 
transferring energy from the incoming wave to the generated third wave. The value of 𝛽𝛽 is 
dependent upon the inherent nonlinear behavior of the material. This value will be impacted by 
the presence of flaws in a material. If multiple varying specimens are used, one specimen can be 
chosen as a reference (e.g. an undamaged virgin specimen), and normalized nonlinear wave 
generation parameter can be determined by (9). This value can be correlated with loss of strength 
in order to nondestructively determine the loss of strength of a material. 
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CHAPTER 4: SPECIMEN PREPARATION 
 
4.1 Specimen Preparation 
This study uses the same samples as used in McGovern and Reis, 2015. In McGovern and Reis 
[28] samples of Illinois dolomitic limestone salvaged from windowsills were cut into blocks with 
nominal dimensions of 155 mm x 185 mm x 55 mm. The heating process used by discussed by 
Scherer and his associates [78, 79] was used to induce controlled artificial damage. Seven samples 
were placed in an oven, in which the temperature was increased at a rate of 50 °C per 20 minutes 
from room temperature (~25 °C) to each sample’s individual respective desired temperature of 
100 °C, 200 °C, 300 °C, 400 °C, 500 °C, 600°C, and 700 °C. The samples were then kept at that 
temperature for 90 minutes. Note that 90 minutes was chosen (rather than 60 minutes used by 
Scherer and his associates [78, 79] to ensure uniform distribution of damage, as the specimens in 
this experiment were larger than those used by discussed by Scherer and his associates. After 
heating, the oven was turned off and the samples were left inside to cool overnight.  
 
 
4.2 Linear Characterization 
The linear acoustic properties of the test specimens, i.e., their dilatational and shear velocities and 
the corresponding attenuations were obtained and reported in [28]. Figure 4.1 shows the dilatation 
and shear velocities and corresponding attenuations as a function of damage, and reproduced with 
permission from McGovern and Reis [28], for the benefit of the reader. For additional discussion 
on specimen preparation and their linear characterization, the reader is refereed to McGovern and 
Reis [28]. 
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Figure 4.1:   Phase velocities and corresponding attenuations: (a) dilatational and (b) shear phase velocities (m/s) as 
a function of frequency for the limestone specimens heated to various temperatures:  (c) corresponding dilatational 
and (d) shear attenuations (Np/m) as a function of frequency for the limestone specimens heated to various 
temperatures. Figure reproduced from McGovern and Reis [77]. 
 
 
4.3 Flexural Strength 
To evaluate the reduction in flexural strength caused by the temperature induced weathering 
process, five beam samples were cut from each of the specimens. The bending specimens were cut 
to the nominal dimensions of 180 x 55 x 15 mm. These dimensions were chosen in order to satisfy 
the slenderness assumption of beam theory (h ≤ 10 L ). Before running any flexure tests, the flexure 
test specimens were conditioned in an oven at 60 °C for 15 hours to ensure the specimens were 
dry. After 13, 14, and 15 hours, the specimens were weighed to ensure their weight remained 
constant, implying they were completely dried. The prepared specimens were loaded under four-
point bending with a supporting span of 160 mm and a loading span of 40 mm, using a 
(a) (b) 
(c) (d) 
25°C 
(Control) 
100°C 
200°C 
300°C 
400°C 
500°C 
700°C 600°C 
25°C 
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100°C 200°C 
300°C 
400°C 
500°C 
700°C 
600°C 
25°C 
(Control) 
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200°C 
300°C 
400°C 
500°C 700°C 
600°C 
25°C 
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100°C 
200°C 
300°C 
400°C 
500°C 
700°C 
600°C 
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displacement rate for the load head of 0.05 mm/min. Load and displacement measurements were 
taken until the specimens fractured. The testing was conducted in accordance with ASTM standard 
(ASTM C 880-06, 2007). Specimen width did not meet the standard, as dimensions were limited 
by original specimen geometry. Reduction in strength was measured with respect to the average 
strength of the control specimen in order to measure percentage reduction in strength.  Figure 4.2 
shows the average percent reduction in strength for each specimen (compared to the un-weathered 
specimen).  For additional information regarding the bending tests, the reader if referred to Megan 
and Reis [28].  
 
 
Figure 4.2: Mean percent reduction in flexural strength (percentage) of heated samples with respect to the mean 
flexural strength of the control sample. The flexural strength for each specimen was averaged from five samples. 
Figure reproduced from McGovern and Reis [77]. 
 
The samples used in this study are the samples used in the study reported by McGovern and Reis 
[28] after the five thin layers were removed from each sample to use as bending test samples. The 
remaining material (with nominal dimensions of 65 mm x 185 mm x 55 mm) was used as the test 
specimens in this study, see Figure 4.3, where the darker areas are the result of the heavy vacuum 
grease used as couplant between the test specimens and the interrogating transducers/wedges. 
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Figure 4.3:  Photograph of tested specimens with varying levels of damage. Note: the 700°C specimen has a different 
color than the other specimens due to calcination. Dark spots are due to the high vacuum grease used to affix 
interrogating transducers to the specimens. 
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CHAPTER 5: EXPERIMENTAL SETUP AND DATA COLLECTION 
 
Two dilatational transducers (Panametrics V413, center frequency 500 kHz) and a shear transducer 
(Panametrics V1548, center frequency 100 kHz) are incidentally mounted as illustrated in Figure 
5.1, see Table 5.1. The location of the two sending dilatational transducers is largely dictated by 
specimen dimensions. In this paper, the location of the receiving shear transducer is adjusted 
according to the specimen dimensions and is accumulated damage to assure the resultant shear 
wave meets the receiving shear transducer at its center. 
 
Figure 5.1: Schematic diagram of the data collection system (left) and schematic diagram of transducer placements 
(right). The transducers were incidentally mounted at different locations, see Table 1. Solid blue arrows represent the 
center of the emitted beams. The angles φ and –γ are the angles calculated using equations (4) and (5) of interaction 
when considering the center of the emitted beam. 
 
Table 5.1.  Relative position of the sending and receiving transducers 
with respect to the test samples. 
Specimen a (mm) b (mm) c (mm) 
  25 oC 40 50.9 66.20 
100 oC 40 47.7 71.90 
200 oC 40 46.8 73.44 
300 oC 40 50.7 66.53 
400 oC 40 50.9 66.18 
500 oC 40 51.0 66.04 
600 oC 40 50.3 67.28 
700 oC 30 33.0 58.79 
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A schematic diagram of the experimental setup is shown in Figure 5.1. A pulser-receiver (Ritec 
RPR-4000) was used to generate an 8 cycle sinusoidal toneburst, k1, at f1 = 200 kHz. A function 
generator (Krohn-Hite Model 5920) was used to generate an 8 cycle sinusoidal toneburst, k2, which 
was amplified by a gated amplifier (Ritec GA-2500A). This signal was iteratively swept from f2 = 
60 kHz to f2 = 180 kHz in 2 kHz increments (f2 / f1 = 0.3 to 0.9). The sample rate was 50 MHz to 
avoid trigger jitter [63, 64]. For each iteration, data was averaged 350 times to mitigate the effects 
of noise and scatter. The received wave was filtered and amplified by a 4-Pole Butterworth filter 
(Krohn-Hite Model 3945), and then sent to the computer. To measure the nonlinearly scattered 
wave, three measurements were taken: (1) a measurement with both longitudinal sending 
transducers transmitting, (2) a measurement with only one of the sending transducers transmitting, 
(3) a measurement with only the other sending transducer transmitting. By subtracting, the two 
individual measurements from the measurement obtained when the two sending transducers 
operate simultaneously, the nonlinearly scattered wave (i.e., the difference signal) can be isolated. 
It should be noted that this is not a perfect subtraction to isolate the nonlinear scattered wave, as 
some of the energy from the primary waves is used to generate the nonlinear scattered wave. 
Therefore, the amplitude of both transducers operating simultaneously should be slightly lower 
than the sum of the amplitudes of the transducers operating individually. As a result, the difference 
signal, i.e., the nonlinear scattered wave includes a portion of the amplitude of the primary waves. 
To account for this, the resultant measurement was filtered around the theoretically predicted 
frequency, f3. 
 
The location of the dilatational sending transducers was largely determined by specimen 
geometery. The location of the shear receiving transducer was determined by utilizing equation 
(5). For the other specimens, it was assumed that utilizing the same calculated angle, γ, would be 
an appropriate location, similar to the experimental method in McGovern and Reis [28]. The exact 
configuration of the transducers for each specimen along with specimen dimensions can be seen 
in Table 1. Additionally, for each independent test, all transducers were removed from the test 
sample, residual couplant was cleaned from the surface of the sample and the transducers, new 
couplant was applied to the transducers, and the transducers were affixed to the sample. 
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Figure 5.2 shows the received signals in the time domain for the un-weathered 25 °C specimen. 
Figure 5.2a shows the signal recorded when both sending transducers are operating 
simultaneously, and Figure 5.2b shows the sum of the signals recorded when each sending 
transducer operates individually.  Figure 5.2c shows the scattered shear wave generated by the 
nonlinear interaction when both sending transducers operate simultaneously. The observed time-
of-arrival differed from the predicted time-of-arrival within an error of 5%. In Figure 5.2, the 
amplitude of the generated shear wave is scaled up 10 times.  
 
 
Figure 5.2:  Received signals in the time domain: (a) signal recorded when both sending transducers are operating 
simultaneously; (b) sum of the signals recorded when each sending transducer operates individually; (c) the shear 
wave generated by the nonlinear interaction when both sending transducers operate simultaneously. The observed 
time of arrival differed from the predicted time of arrival within an error of 5%. The amplitude of the generated shear 
wave is scaled up 10 times. The weathered 100 °C specimen was used to obtain this data. 
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CHAPTER 6: EXPERIMENTAL RESULTS 
 
When analyzing the collected data, the Johnson and Shankland selection criteria [76] was used to 
ensure the observed signal was in fact the nonlinearly generated scattered shear wave and not an 
artefact of equipment nonlinearities such as nonlinearities in the used couplant, amplifiers etc. 
Namely, the amplitude criteria was met by varying the voltage of the primary waves and noting 
that the received scattered wave amplitude changed in a manner proportional to the primary 
scattered wave amplitudes. The directionality criteria was also met by the nature of the experiment, 
i.e. placement of the sending and receiving transducers. The time-of-flight criteria was met by 
observing that the experimental arrival times were consistent with the expected arrival times for 
the nonlinearly generated signal. 
 
To identify the frequency ratio that produces the maximum amplitude of the nonlinearly generated 
shear wave, one transducer was set to send a 200 kHz signal for each test, whereas the signal for 
the other transducer was swept from 60 kHz to 180 kHz in 2 kHz intervals. A sample of 
experimental results for one frequency sweep can be seen in Figure 6.1.  Figure 6.1 shows the 
frequency ratio that experimentally corresponds to the observed maximum amplitude as compared 
with the theoretical predicted frequency ratio.  The discrepancy between theoretical and observed 
peak frequency ratios are attributed to the mesoscopic behavior of limestone, deviations from the 
theoretical assumptions used in the non-collinear wave mixing formulation [62], and the transducer 
placement used in this study. 
 
Please note that under the assumptions associated with to the traditional non-collinear wave mixing 
formulation [62], i.e., plane longitudinal primary waves and homogeneous isotropic material, the 
nonlinear wave shown in Figure 5.2 would have zero magnitude.  However, mainly because of the 
beam spread of the two primary waves and the mesoscopic behavior of the material, the resultant 
nonlinear wave has a finite amplitude, as it is illustrated in Figure 5.2.  
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Figure 6.1: Sample amplitude distribution as the frequency ratio was changed for the 100°C specimen. The 
discrepancy between theoretical and observed peak frequency ratios are attributed to the mesoscopic behavior of 
limestone, deviations from the theoretical assumptions used in the non-collinear wave mixing formulation [62] and 
the transducer placement used in this study. 
 
Figure 6.2 shows a comparison of the results obtained in this experiment with various other 
transducer arrangements used in past experiments by McGovern and Reis [28, 29]. Notably, there 
is a discrepancy between the normalized nonlinear parameter for the 100 °C specimen between 
this experiment and past experiments. This deviation is explained by the presence of residue in the 
100 °C specimen left during the cutting process using oil to cool the cutting saw. This residue was 
burned off for higher temperature specimens, but for the 100 oC specimen the temperature was not 
sufficiently high.  In addition, the damage distribution for the 100 °C specimen was not uniform 
throughout its volume because of the lower temperature. Apart from the 100 °C specimen, 
observed normalized nonlinear wave parameter values match closely to previous studies utilizing 
dilatational receiving transducers, which validates previous experiments and implies shear 
transducers and dilatational transducers can both be used as receiving transducers to determine the 
normalized nonlinear wave generation parameter [28, 29]. In Figure 6.2, as it was also observed 
in previous experiment [28], the normalized nonlinear parameter changes drastically from the 600 
°C specimen to the 700 °C specimen. This is due to the calcination transformation that takes place 
at these temperatures. For additional information regarding the calcination decomposition, the 
readers are referred to Britton et al, 1952, Kumar et al, 2007, and McGovern and Reis, 2015 and 
2017 [28, 29, 53, 54]. 
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Figure 6.2:  Normalized nonlinear wave generation parameter β/β0 as a function of heating temperature. The results 
from this experiment (solid black) are presented alongside data reproduced from McGovern and Reis [28, 29]. 
 
 
Figure 6.3 shows a correlation between the normalized nonlinear wave generation parameter and 
the reduction in flexural strength (R2 = 0.92). The Figure also shows that the percent reduction in 
flexural strength error box is negative for the control specimen. This is an artefact of the 
normalization process, as percent reduction in flexural strength is measured with respect to the 
mean flexural strength of the control specimen. Apart from the results of the 100 °C specimen, the 
power fit seems to accurately relate the normalized nonlinear parameter with the reduction in 
flexural strength.  The data point corresponding to the specimen damaged using the 100 oC is not 
included because of the lack of uniformly distributed damage in the 100C specimen; because the 
specimens were cut using oil as the saw lubricant, and the 100 oC was not sufficiently high to 
eliminate/reduce the oil residue in the middle of the specimen.  
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Figure 6.3.  Percent reduction in flexural strength (with respect to the mean strength of the control sample) as a 
function of the normalized nonlinear wave generation parameter. A power fit is applied to the data without considering 
the 100 °C sample, as it is believed damage was not uniform in the sample (R2 = 0.916). The error box of the 25 °C 
specimen drops below zero percent reduction in strength due to the normalization process.  Considering the data point 
corresponding to the 100 oC sample leads to a correlation coefficient of R2 = 0.77.   The data point corresponding to 
the 700 oC specimen is not included because the materials is not limestone due to the calcination transformation that 
takes place at these temperatures.      
 
Finally, results of the receiving transducer placement shown in Table 1 also indicate the maximum 
deviation from the position selected for the undamaged specimen is about 15 mm for the 600 oC 
specimen.  Note that the 700 oC specimen is not considered mainly because is a much thinner 
specimen, i.e., it has a lower value of the dimension c = 33 mm, as compared to the other 
specimens, see Table 1.  Considering that the diameter of the receiving shear transducer 
(Panametrics V1548, center frequency 100 kHz)  is 38 mm (1.5 in), a conclusion can be reached 
that one can place the receiving transducer assuming the material properties of the undamaged 
specimen without altering the results, as it was done in previous studies [28, 29]. 
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CHAPTER 7: CONCLUSIONS 
 
7.1 Conclusions 
Dolomitic limestone specimens were artificially weathered at temperatures of 25 °C, 100 °C, 200 
°C, 300 °C, 400 °C, 500 °C, 600 °C, and 700 °C. Non-collinear wave mixing of two dilatational 
waves was used to generate a scattered shear wave. This interaction of the two intercepting 
longitudinal waves was used to characterize the limestone specimens of varying degrees of thermal 
damage. While the resultant scattered shear wave was captured using a shear transducer mounted 
on the test specimens’ surface, its location varied from specimen to specimen because the 
velocities of each specimen depend of its damage accumulation.  This study shows that the use of 
both dilatational and shear transducers as receiving transducers is acceptable, i.e., both lead to 
relatively similar normalized nonlinear wave generation parameter values, β/β0. It was also 
observed that placing the receiving transducers are different locations did not significantly affect 
the results mainly because of the relatively large diameter of the receiving sensor, which validates 
the simpler approaches used by McGovern and Reis [28, 29], where the relative location of the 
transducers’ placement is constant.  This approach has the potential to quantitative evaluate 
damage in monuments and art objects for the purpose of taking remedial actions as discussed by 
Scherer and his associates [78, 79], as well as to evaluate fire induced damage in tone such as in 
tunnels. 
 
 
7.2 Future Recommendations 
Although this experiment provides compelling evidence that the type of receiving transducer used 
and the location of the receiving transducer do not significantly impact the measured normalized 
nonlinear wave generation parameter values, it is important to note that this study does not account 
for the reduction in amplitude of the dilatational waves away from the center of the beam. It may 
be insightful to measure the amplitude distribution of a transducer and numerically determine the 
location of the receiving transducer that maximizes the amplitude of the received wave. However, 
it is unlikely that the measured normalized nonlinear wave generation parameter will deviate 
significantly from the results of this study or any past studies, as the receiving transducer will 
likely be moved only slightly. 
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If inspecting damage in dolomitic limestone due to high temperatures, as in the case of a fire, the 
inspector should take care to note the calcination effect of limestone. If the inspection relies on the 
nonlinear wave generation parameter alone, an inspector may falsely determine that the degree of 
damage in the stone, as the nonlinear wave generation parameter decreases with calcination. 
However, the observed nonlinear wave generation parameter values of calcinated limestone 
overlap with limestone that has a significant degree of damage, and would likely be categorized as 
unsafe. Regardless, an inspector should be aware of this possibility. 
 
This technique has been demonstrated to be effective for limestone and should be applicable to a 
much wider variety of materials. As the nonlinear wave generation parameter is dependent upon 
nonlinearities inherent in the material, the nonlinear wave generation parameter should be useful 
in assessing damage in the form of diffuse microflaws. 
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